Abstract: Diffuse reflective LED lighting system is widely used in many areas, while rectangular illumination is also widely used in various lighting fields because of its regular lighting shapes, but traditional diffuse reflection method can only produce circular spot. This paper first introduced rectangular illumination into design of the diffuse reflective surface, combined the merits of both. A mathematical model of a diffuse reflective off-axis surface based on a single LED chip, desired value of the target plane and energy conservation is established and the shape of the illumination facula is used as the constraint condition. By solving the nonlinear equations, a number of two-dimensional (2-D) curves are obtained and combine these 2-D curves into off-axis surface. The results show that the shape of the illumination facula is close to the standard rectangle, and the efficiency and the uniformity of illumination is higher than traditional diffuse reflectors.
Introduction
Led is one of advanced high-efficiency semiconductor lamp, with the advantages of long life-span, low energy consume, low quality of heat and short response time. Because the lighting performance of LED have yet to be improved, a second-step photometric design is needed. In recent years, the research on LED lighting has made great progress, especially in the field of rectangular illumination. Rectangular illumination is commonly used for street lighting or interior lighting. Off-axis method is proved to be an effective method in rectangular illumination, lens are designed for secondary light distribution to achieve the rectangular illumination facula. Lo [1] proposed a new design of butterfly lens with unequal tilt design based on a double-cluster LED, and the efficiency of the butterfly lens reached about 43.8%, the uniformity is about 1/2.7. Li [2] designed a lens for uniform illumination of rectangle area with LED light source, and the simulation results show that the efficiency of the rectangular illumination facula is more than 94%, the uniformity of target plane is over 92%. Jiang [3] used the same method to design the lens, and obtained the rectangular illumination facula for street lighting with a lens array. The rectangular illumination can also be obtained by the design of the multi surface reflector. Wang [4] introduced the grid method into the distribution of energy, which corresponds with the small energy blocks in the target plane, on this foundation, a corresponding relationship between the angle of the light exit from LED and the coordinates of point in the target plane was established, by solving the equation groups, a freeform reflector for rectangular illumination was obtained. The simultaneous multiple surface (SMS) method is an effective method in illumination efficiency. SMS can coupling two pairs of wave fronts and two freeform surfaces can be obtained, a combiner designed by SMS can typically increase the output by 30-40% compared with flat-cover LEDs by eliminating light confinement within the package [5] . Tsuei [6] - [8] proposed a method which can optimize lighting performance in indoor lighting, and reduce the glare through diffuse reflector.
The diffuse reflector has the advantages of convenient materials, which is widely used in daily life, studying on how to improve its lighting performance is still significant. Adlanov [9] used the diffuse reflector to generate two symmetric uniformly illuminated line segments. Several research on diffuse illumination have been proposed [10] - [14] , these articles are all focused on the application of diffuse illumination. Zhu [15] built a mathematical model of integrating sphere, which improved efficiency of LED array compared with direct lighting. But the lighting performance of diffuse reflector still to be improved. Then a mathematical model of diffuse free-form surface was presented by Zhu [16] , [17] , by solving a series of nonlinear equations, a rotational symmetry surface was obtained, which further enhanced the efficiency. Zhu [18] proposed an off-axis method which further enhance the lighting performance of diffuse illumination. However, the traditional diffuse lighting system is only applicable to the circular illumination, which cannot produce a rectangular light spot.
In this paper, an off-axis method is proposed to generate rectangular lighting spots with high efficiency. Fig. 1 shows the diagrammatic sketch of rectangular illumination. The off-axis inner surface redistribute the energy emitted from LED configuration, then the target plane can obtain a higher efficiency. Firstly, the irradiance distribution over the off-axis surface is obtained according to Lambertian characteristic. Secondly, based on the energy conservation and the bidirectional reflectance distribution characteristic of the diffuse surface, the irradiance of the target plane can be represented by a mathematical formula, set a desired value on the target plane and establish a series of nonlinear equations, then a 2-D curve can be obtained through seeking numerical solution to this equations. Finally, a series of 2-D curves can be calculated in different directions and combined into off-axis surface. The results show that our design has a good lighting performance, the uniformity can reached more than 75% and the efficiency can be 2.5 times as high as traditional diffuse illumination.
Design Method of Off-Axis Surface
The size of the lighting system is more than 5 times larger than LED, so a single LED chip can be approximately seen as a point source. The intensity distribution of a single LED chip can be obtained:
I (θ) stands for the intensity of a single LED chip in any random direction, θ is the angle between the light and the axial light, I axi al is the axial light intensity of LED. In this paper, m can be seen as 1 due to the Lambertian distribution. The illuminance distribution of LED can be obtained:
Convert Eq. (2) to rectangular coordinates, a single LED chip is located at the origin of coordinate:
E (X , Y, Z ) stands for the illumination of a single LED chip over the diffuse reflective inner surface. In this paper, the shapes of lighting spots is rectangle, so calculating a series of 2-D curves in different directions of the LED according to the rectangular lighting spot is needed. Set a 2-D curve in the plane M, which is perpendicular to the plane XOZ, the Eq. (3) can be transformed into two dimension model:
−H − Z) stands for exit ray, there is an intersection between exit ray and target plane, R g is the intersection-origin distance. H represents the height of the LED array. There is an incident point over the diffuse reflective inner surface, R is the distance between the incident point and Z axis, N = (−dZ , −dR ) is the normal vector of this point, so the intensity distribution of the inner surface can be obtained:
I s0 is the axial intensity of diffuse reflective inner surface, the inner surface can be seen as a source emitting surface which is made up of many Lambertian point lights, so the illumination of each point on the target plane can be obtained:
E s represents the irradiance of the diffuse reflective off-axis inner surface which can be calculated by Eq. (4), dS is the point over the inner surface. l is the surface-target distance. The inner surface reflectance properties can be reflected by BRDF, whose full name is bidirectional reflectance distribution function, and it can be expressed as ρ divided by π. In the diagonal direction of lighting spot, set a plane named M 1 which is perpendicular to plane XOY, discretize Eq. (6), and substituting Eq. (4) into it. In the intersection line of the plane M 1 and plane XOY, the illumination of each point on the target plane can be transformed into:
On the plane M 1 , q stands for the number of discrete points over the 2-D curve and R i is the distance of the each discrete point and the origin, Z is the vertical distance between each two discrete points over the off-axis inner surface ( Z = Z i +1 − Z i ), R is the horizontal distance between each two discrete points over the off-axis inner surface ( R = R i +1 − R i ). R gj stands for the position of each discrete point over the target plane. Fig. 2 shows the 2-D curve on the plane M 1 . The illumination of each discrete point over the intersection line are equal due to the illumination uniformity.
Set a new plane named M 2 , which is parallel to the width of lighting spot, and it is perpendicular to the plane XOY, at the intersection line, the illumination of each discrete point on the target plane is obtained according to the solution of the first 2-D curve. According to the energy conservation, the total illumination over the intersection line is equal to the total illumination of 2-D curve on the plane M 2 and the illumination of each discrete point in different target plane are equal due to the illumination uniformity.
Solve numerical solution of equations, and several 2-D curves in different directions can be obtained by fitting the data with the least square method, in order to ensure the shape of the lighting spots, Z coordinates of the initial value should be set below LED.
The accuracy of off-axis surface increases with the increase of the number of 2-D curves. A series of 2-D curves are obtained from multiple directions, then the off-axis surface can be obtained through combining these 2-D curves, Fig. 3 shows the 2-D curve on the plane M 2 . Fig. 4 shows the diagram which is the combination process of off-axis surface for rectangular illumination. 
Results
According to above method, we design a diffuse reflective off-axis surface for rectangular illumination. TracePro is used to simulate and verify the results of the rectangle illumination performance. LED can be treated as a point source compared to the size of the off-axis surface and it has an analogous Lambertian radiation distribution, with the power is 1 w. The target plane is a rectangle whose length-width ratio is 3:4, according to the size of the daily lighting system, the distance between lighting system and target plane varies from 2000 mm to 6000 mm, and the size of the effective illumination area varies with distance while the length-width ratio remained constant. For the convenience of comparison, in this paper, we compared three kinds of lighting systems, which are diffuse reflective off-axis surface, diffuse reflective integrating sphere and direct illumination, to verify the validity of the design method of the off-axis surface. Fig. 5 shows that the lighting spot is close to a standard rectangle. For off-axis surface, when the source-target distance is 4000 mm, the uniformity of illumination reached 75.6% and the efficiency reached 48.4%, while the uniformity of integrating sphere is 72.3%, and the efficiency is 21.3%. The illumination uniformity and efficiency of different lighting systems are shown in Table 1 .
At five different source-target distance, the illumination uniformity over the target plane with three different methods was shown in Fig. 6 . It seemed that with the distance increasing, the illumination uniformity appears alike, but the illumination efficiency improved significantly. In this comparative analysis, about 50% of the rays have reached the target plane through the diffuse reflective off-axis surface while the traditional methods stuck at 20%. On the rectangular target plane, the efficiency is 2.5 times as high as traditional method. In order to verify its superiority in the boundary region, Fig. 7 shows that the rectangular lighting area is divided into 7 × 9 grid cells, the contrast of illumination in the boundary region of different lighting systems are shown in Fig. 8 .
In this comparative analysis, it is not difficult to find that illumination of diffuse reflective off-axis surface in the boundary region is higher than other lighting systems. The simulation results proved that our method can obtain a relative standard rectangular lighting spot, and indirect lighting with designed diffuse reflective off-axis surface can be considered to be a feasible method for rectangular illumination with high uniformity and efficiency.
Conclusion
This paper first proposed a design of diffuse reflective off-axis surface for rectangular illumination with the energy conservation, which is used to improve the lighting performance. The shape of the illumination facula of diffuse reflective off-axis surface is close to the standard rectangle, so it is suitable for the illumination of rectangle field. The experimental results justify its effectiveness and feasibility. In effective illumination area, it has a higher efficiency which is 2.5 times as high as traditional methods. Meanwhile, the uniformity of the diffuse reflective off-axis surface is also higher than other traditional methods. Particularly, this method has a certain extent generality, through adjusting parameters according to the shape of target plane, it can satisfy the other rectangular illumination. Its advantages effectively broadened the outlook of indirect illumination in the practical application.
